In [2], F. Bagarello, A. Inoue and C. Trapani investigated some operators defined by Riesz bases. These operators connect with quasihermitian quantum mechanics, and its relatives. In this paper, we change the frameworks of these operators, and then almost results obtained in [2] become trivial. Furthermore, we introduce a notion of generalized Riesz bases which is a generalization of Riesz bases and investigate some operators defined by generalized Riesz bases.
Introduction
In [2] where {φ n } is a Riesz basis, that is, there exist a bounded operator T on a Hilbert space H with bounded inverse and an ONB {e n } in H such that φ n = T e n , n = 0, 1, 2, · · · , and ψ n ≡ (T −1 ) * e n , n = 0, 1, 2, · · · . Then {φ n } is biorthogonal to {ψ n }, that is, (φ n |ψ m ) = δ nm (n, m = 0, 1, 2, · · · ). These operators connect with quasi -hermitian quantum mechanics, and its relatives [7, 8, 9] .
In this paper, we generalize some of the results for the above operators defined by Riesz bases. In details, we consider the case that an operator T and its inverse T −1 in definition of Riesz bases are not necessary bounded. And we define and study the following operators
α n e n ⊗ē n T −1 ,
α n+1 e n ⊗ē n+1 T −1 ,
α n+1 e n+1 ⊗ē n T −1 , instead of the operators H This article is organized as follows. In Section 2, we introduce a notion of generalized Riesz bases which is a generalization of Riesz bases and investigate some operators defined by generalized Riesz bases. In particular we characterize domains and adjoints and compare H α with H α φ,ψ . In Section 3, we construct and study generalized rising and lowering operators A α and B α defined by generalized Riesz bases.
Some operators defined by generalized Riesz bases
Let T be a densely defined closed linear operator in H with a densely defined inverse. Then T * has a densely defined inverse and (T * ) −1 = (T −1 ) * . Indeed, since the range R(T ) of T is dense in H, it follows that kerT * = {0} and 
Proof. It is well known in [1] that U is a partial isometry, |T * | is a positive self-adjoint operator in H and
Since R(T ) = R(T * ) = H as shown above, it follows that U is unitary. Since U is a unitary operator on H, it follows that {e
ONB in H and
Furthermore, we have
This completes the proof.
By Lemma 2.2, we may assume that an operator T in definition of generalized Riesz base is a positive self-adjoint operator without loss of generality. Let {φ n } be a generalized Riesz base, that is, φ n = T e n , n = 0, 1, 2, · · · , where {e n } is an ONB in H and T is a positive self-adjoint operator in H with inverse T −1 whose domains D(T ) and D(T −1 ) contain {e n }. We put ψ n = T −1 e n , n = 0, 1, 2, · · · . Then {φ n } is biorthogonal to {ψ n }. Throughout this section, let α = {α n } be any sequence of complex numbers. We define two operators
where the tensor x ⊗ȳ of elements x, y of H is defined by
It is easily shown that x ⊗ȳ is a bounded linear operator on H satisfying (x ⊗ȳ) * = y ⊗x and x ⊗ȳ = x y . In details, the operators H α and H α φ,ψ are defined as follows:
α n e n ⊗ē n )) and ( 
Hence it follows from (2.
in the following sense: 
Hence it follows from (2.4) and the closedness of T that (
As shown in Proposition 2.3, in case that {φ n } is a Riesz base, H α φ,ψ = H α . By using H α instead of H α φ,ψ , all of the results in [2] are almost trivial. It is easily shown that H * α ⊃ T −1 ( ∞ n=0ᾱ n e n ⊗ē n ) T . Hence we put
n=0ᾱ n e n ⊗ē n T. 
for all ξ ∈ D(H α ). Since ξ ≡ T e n ∈ D(H α ) for n = 0, 1, 2, · · · , we havē α n T η = T ζ. Hence it follows since T and T −1 are bounded that
Since T −1 is bounded, it follows that lim n→∞ T −1 ξ n = T −1 ξ and
α n e n ⊗ē n ) and 
Generalized lowering and rising operators defined by generalized Riesz bases
In this section, we define and study generalized lowering and rising operators defined by generalized Riesz bases:
and
In detail, the operators A α , B α , A α φ,ψ and B α φ,ψ are defined as follows:
α n+1 e n ⊗ē n+1 )) and (
As shown in case of H α and H Proof. The statements (1), (2) and (3) are proved similarly to (1), (2) and (3) in Proposition 2.4, respectively.
Since the relevance of these operators A α and B α relies essentially on their products, we give the following 
Proof. (1) By the definition of the operators A α , B α , we have
Hence,
(2) By the definition of the operators A α , B α , we have
α n+1 e n ⊗ē n+1
Hence, (π s (p)g) (t) = tf (t), f ∈ S(R), where S(R) is the space of infinitely differentiable rapidly decreasing functions on R , see [5] , [6] . Let {f n } be an ONB in the Hilbert space L 2 (R) contained in S(R) defined by f n (t) = π For any positive self-adjoint operator T in L 2 (R) with inverse whose domains D(T ) and D(T −1 ) contain {f n }, non self-adjoint hamiltonian H ≡ T H 0 T −1 , the generalized lowering operator A ≡ T A 0 T −1 and the generalized rising operator B ≡ T A
